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a  b  s  t  r  a  c  t
Dichelobacter  nodosus  is  a virulent,  invasive,  anaerobic  bacterium  that  is believed  to  be  the  causative
agent  of ovine  footrot,  an infectious  bacterial  disease  of  sheep  that causes  lameness.  Another  anaerobe,
Fusobacterium  necrophorum,  has  been  intimately  linked  with  the  disease  occurrence  and severity.  Here  we
examine data  from  a longitudinal  study  of  footrot  on  one  UK  farm,  including  quantitative  PCR  (qPCR)  esti-
mates  of bacterial  load  of D. nodosus  and  F. necrophorum. The  data  is  at foot  level;  all  feet  were monitored
for  ﬁve  weeks  assessing  disease  severity  (healthy,  interdigital  dermatitis  (ID),  or severe  footrot  (SFR))  and
bacterial load  (number  of  bacteria/swab).  We  investigate  the role  of  D. nodosus  and  F.  necrophorum  in  the
progress  of the  disease  using  a  continuous-time  Markov  model  with  12  different  states  characterising
the  foot.  The  transition  rates  between  the  adjacent  states  are  the  (34)  model  parameters,  these  are  deter-
mined  using  Metropolis  Hasting  MCMC.  Our  aim  is  to determine  the  predictive  relationship  between
past  and future  D. nodosus  and  F. necrophorum  load  and disease  states.  We  demonstrate  a  high  level of
predictive  accuracy  at the  population  level for the D.  nodosus  model,  although  the dynamics  of individual
feet  is  highly  stochastic.  However,  we note  that  this  predictive  accuracy  at  population  level  is  only  high
in  more  diseased  states  for  F.  necrophorum  model.  This  supports  our  hypothesis  that  D. nodosus  load  and
status of the  foot  work  in  combination  to give  rise  to severe  footrot  and  lameness,  and  that  D.  nodosus
load  plays  the  primary  role  in the  initiation  and  progression  of footrot,  while  F. necrophorum  load  rather
increases  disease  severity  of  SFR.
© 2017  The  Authors.  Published  by  Elsevier  B.V.  This  is  an open  access  article  under  the  CC  BY  license. Introduction
In the UK, footrot is an endemic infectious disease of sheep. It
s present in >90% ﬂocks and causes 80% of foot lameness (Kaler
nd Green, 2008); approximately 5% of the national ﬂock of 16 mil-
ion ewes are lame at any one time (Winter et al., 2015). Lameness
as considerable impact on animal welfare causing pain, discom-
ort, and weight loss with consequential reduction in productivity
hrough reduced numbers of lambs per ewe and reduced growth
ates in affected lambs (Wassink et al., 2010). The economic impactPlease cite this article in press as: Atia, J., et al., Mathematical modeli
and Fusobacterium necrophorum on the disease dynamics. Epidemics (
s estimated to be £25–£80 million per year (Nieuwhof and Bishop,
005; Wassink et al., 2010). Interdigital dermatitis (ID) and severe
ootrot (SFR) are two pathological presentations of this disease.
∗ Corresponding author.
E-mail address: J.Atia.1@warwick.ac.uk (J. Atia).
ttp://dx.doi.org/10.1016/j.epidem.2017.04.001
755-4365/© 2017 The Authors. Published by Elsevier B.V. This is an open access article u(http://creativecommons.org/licenses/by/4.0/).
The clinical presentation of ID is inﬂammation of the interdigital
skin whilst SFR presents as separation of the hoof horn from the
sensitive tissue of the foot (Winter, 2008).
The primary aetiological agent of footrot is Dichelobacter
nodosus, an anaerobic bacterium that can be detected on the feet of
healthy, ID, and SFR feet (Moore et al., 2005; Bennett et al., 2009;
Witcomb et al., 2014). The load of D. nodosus is higher on feet with
ID and SFR than in healthy feet (Witcomb et al., 2014). All sheep
appear to be susceptible to D. nodosus and transmission occurs
via the surface on which the animals are kept (pasture or pen).
If the skin of the foot is damaged or wet, D. nodosus can invade
the epidermis and causes disease (Beveridge, 1941). Climate is
highly inﬂuential in the duration of infectiousness of D. nodosusng of ovine footrot in the UK: the effect of Dichelobacter nodosus
2017), http://dx.doi.org/10.1016/j.epidem.2017.04.001
off the host (the lifespan of the bacteria on pasture or in soil when
infection can pass to another host) with damp, warm conditions
aiding spread of disease (Whittington, 1995; Green and George,
2008). D. nodosus survives in warm and damp conditions off the
nder the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Study population. The study ﬂock consists of 570 sheep. A subset of 60 sheep was  selected for monitoring (Kaler, 2011). 18 sheep were subsequently selected for the
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o014  study (Witcomb et al., 2014) (labelled as “initial qPCR 2014”) and qPCR was p
oot  swabs of 39 feet are selected from the remaining 42 sheep and analysed for D
rom  the initial 18 sheep to test consistency between the 2014 and 2016 qPCR resu
ost but cannot be transmitted between sheep in very hot and
ry conditions. Fusobacterium necrophorum, another anaerobic
acterium, has also been associated with both ID and SFR. It is also
etected on healthy, ID, and SFR feet but only detected at a higher
oads in feet with SFR (Witcomb et al., 2014), which suggests a
econdary or opportunistic role. Hence F. necrophorum appears
o enhance the disease severity rather than initiate the disease
Beveridge, 1941; Witcomb et al., 2014; Clifton and Green, 2016).
The primary aim of the present study is to quantify the dynamic
nteraction between bacterial load and disease progression by the
evelopment of a mechanistic model; such an approach allows us to
peculate on cause and effect more effectively than with a purely
tatistical model, so can be used to further explore the dynamics
f footrot. The model will allow us to establish the relationship
etween bacterial load and disease progression, and whether a
nowledge of the past and future disease states can determine the
urrent load or vice versa.
. Data aquisition
The data used in this paper is from a subset of data from an 18
onth longitudinal study of footrot in England in a ﬂock of 570
wes (Wassink et al., 2010), see Fig. 1. Footrot had been present
n the ﬂock for more than 20 years and the average prevalence of
ameness caused by footrot was 6–8% (Wassink et al., 2010). From
he 570 sheep, 60 were selected and examined each week for 5 con-
ecutive weeks (Kaler, 2011). Each week, the feet were examined
nd given a disease severity score. The interdigital skin of each foot
as swabbed (see Kaler, 2011; Witcomb et al., 2014 for standard-
sed methodology) and swabs were stored in a transport buffer at
80 ◦C. For the initial part of this study, 18/60 sheep were selected:
 with no signs of disease throughout the 5-week study; 7 with ID
ut no SFR; and 8 with at least one foot with SFR (Witcomb et al.,
014). qPCR was used to estimate the loads of D. nodosus and F.
ecrophorum (targeting the single copy number of genes rpoD in D.
odosus, and rpoB in F. necrophorum, in swabs from all feet of the
8 sheep for all 5 weeks). The detailed disease severity scoring andPlease cite this article in press as: Atia, J., et al., Mathematical modeli
and Fusobacterium necrophorum on the disease dynamics. Epidemics (
. nodosus and F. necrophorum loads used in the previous studies
re presented in the supplementary materials.
The initial data therefore comprise a total of 360 observations
f 72 feet from 18 sheep. This is characterised by the following setmed to investigate the associations between bacterial load and footrot. Additional
sus load using qPCR (labelled as “additional qPCR 2016”), with 4 samples repeated
of information: sheep identity, week (from 1 to 5), foot (left front
(LF), right front (RF), left hind (LH), right hind (RH)), ID score for
each foot, SFR score for each foot (an ID/SFR score of 0 indicates
healthy state), D. nodosus load on each foot (recorded as num-
ber of D. nodosus rpoD detected per swab), and F. necrophorum
load (recorded as number of rpoB detected per swab). The data
for the 60 sheep as well as the subset of 18 sheep are shown in the
Supplementary Material (data).
2.1. Additional analysis of D. nodosus load
To assess the predictive power of our model, an additional 200
swab samples were analysed by qPCR. Four samples were repeats
from the initial 18 sheep (Witcomb et al., 2014) and the rest were
selected from the remaining 42 sheep from the original study of 60
sheep (Kaler, 2011). Individual feet, with the greatest variation in
disease severity were selected (see Supplementary Material). The
qPCR was  performed as before (Witcomb et al., 2014).
3. Model formulation
The data for each foot is extremely high-dimensional (with
12 possible states), with a load for the two bacterial species and
two scores: one for ID and one for SFR. This high dimensionality
precludes the use of complete state-based modelling. We  there-
fore aggregate the values for LOAD (D. nodosus bacterial load) and
SCORE (disease severity score) for modelling purposes. For LOAD,
we use three values (0, 1, and 2): 0 for <104 bacteria/swab, 1 for
between 104 and 105 bacteria/swab, and 2 for ≥105 bacteria/swab.
We  note in Witcomb et al. (2014), our lowest LOAD was parti-
tioned into undetectable bacterial load and detectable load <104
bacteria/swab. We  believe our aggregation of these two LOAD is
justiﬁable in terms of both practical detection difﬁculties and math-
ematical simplicity. For SCORE, we use four distinct values: 0 for
healthy, 1 and 2 for ID and severe ID respectively, and 3 for any
SFR irrespective of its ID score. This simpliﬁcation can be justi-
ﬁed by the difﬁculty of characterising the severity of SFR, but theng of ovine footrot in the UK: the effect of Dichelobacter nodosus
2017), http://dx.doi.org/10.1016/j.epidem.2017.04.001
clear distinction between ID and SRF. Throughout we have made
the simplifying assumption that each foot acts independently,
ignoring the weak positive correlation presumably because of spa-
tial contamination and the small negative correlations that can
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Fig. 2. State transition diagram of the Markov model at foot level. The diagram
shows the 12 possible state of the foot with different values for LOAD and SCORE.
Lls , Rls , Uls , Dls are the transition rates going out of the state ls, where l and s are
the corresponding LOAD and SCORE, respectively. Numbers in red: the combined
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Zcore = 4 * LOAD + SCORE. Colours of arrows represent the directions of the transi-
ions. (For interpretation of the references to colour in this ﬁgure legend, the reader
s  referred to the web version of this article.)
rise due to interactions between infection and the host’s immune
esponse. Increasing our state space to all four feet on each sheep
s infeasible. This simpliﬁed model acts as a ﬁrst attempt to capture
he individual-level dynamics of footrot in a mechanistic manner.
inally, we remove from the data 10 feet that had an unexpected
ehaviour. These feet were healthy (SCORE = 0) through all the 5
eeks of the study but the LOAD was observed to jump from low
o high and back again. These ﬂuctuations could be a result of a
emporary contamination of the foot where D. nodosus does not
ecome established, e.g., because the foot is not damaged) and
OAD reduces at the following observation because disease does
ot occur.
From this dataset we develop a model at foot level using a
ontinuous-time Markov model to describe the disease dynam-
cs and the effect of D. nodosus on disease severity. We adopt a
ultistate model with 12 states describing the possible states of
he foot in terms of SCORE (four states) and LOAD (three states)
Fig. 2). Rather than work with two-dimensional characterisation,
e simplify and use a one-dimensional quantity, which we denote
s Comb:
omb = SCORE + 4 ∗ LOAD. (1)
At any given point in time an individual foot f can be in one of 12
tates S ∈ {0, 1, 2, . . .,  11}  and we have repeated measurements for
ve weekly time points. We  analyse the continuous-time Markov
hain using the generator matrix Q , where  is explicitly written
o acknowledge the parameters within the matrix. The terms in
 are the rates of transition (so that Q(i, j) is the rate of transi-
ion from state i to state j), while the diagonals refer to the rate of
eaving a given state; hence the rows of Q sum to zero. Under the
ssumption of continuous time dynamics only transitions between
djacent states are possible (Fig. 2); for instance it is impossible
o move from LOAD of 0 to LOAD of 2 without passing through a
OAD of 1. This reduces the number of parameters that determine
he matrix Q from 132 (=12 × 11) if all transitions are possible to
ust 34.
Our data are not in continuous time but are weekly observations
the time of transition from a healthy state to SFR state is generally
7 days Kaler, 2011). It is therefore necessary to transform the con-Please cite this article in press as: Atia, J., et al., Mathematical modeli
and Fusobacterium necrophorum on the disease dynamics. Epidemics (
inuous time rate matrix Q to a discrete time weekly probability
atrix Z Keeling and Ross, 2008:
 = exp Q, (2) PRESS
xx (2017) xxx–xxx 3
which depends on the 34 rate parameters  between the
neighbouring states. The parameters are denoted Lls, Rls, Uls, Dls,
denoting the weekly leftward, rightward, upward, and downward
transition rates between the adjacent states, respectively, where
l and s are the LOAD and SCORE corresponding to the state from
which the parameters are moving (Fig. 2). We note that although
Q only permits transitions between adjacent states, in the dis-
crete time system (Z), all transitions are present yet many have
extremely low probabilities. See Keeling and Ross (2008) for more
information on methodology.
4. MCMC
We use Bayesian Metropolis–Hasting MCMC  to estimate the
parameters of the model (Metropolis et al., 1953; Hasting, 1970).
The MCMC  algorithm provides an efﬁcient method of determining
plausible sets of parameters (the posterior) given the likelihood of
observing the data. MCMC  has considerable advantages when the
parameter space is high dimensional and the likelihood is rapidly
computed. The likelihood is computed with reference to the dis-
crete time transition matrix
L() =
∏
f
4∏
t=1
Z(S
t
f , S
t+1
f
), (3)
where t sums over the weeks of the study (capturing the four
changes in states), and f sums over all feet in the study. In the
Bayesian framework it is important to specify a prior, which reﬂects
belief in the unknown parameters. Here, due to limited infor-
mation, we  choose exponential priors on the weekly rates; for
the majority of rates we  use relatively uninformative exponential
priors with a mean of 5, but for transitions from healthy states
(SCORE = 0), we use a mean of 1 reﬂecting our belief that disease
(and recovery) is relatively rare. Throughout our proposal param-
eters are normally distributed about the current set of parameters.
We allow the MCMC  scheme to run for 2× 106 iterations, with the
ﬁrst 5×105 iterations treated as a burn-in period and ignored (for
more information on the MCMC  scheme see Supplementary Mate-
rial). The results of running the MCMC  are summarised in Fig. 3.
The trace plots of individual parameters indicate that many of the
MCMC  chains are well mixed and appear to explore the parame-
ter space thoroughly. However, some of the parameters chains do
not mix  well and a high correlation between some parameters was
observed (Figs. S1, S2, S3, and S4 – Supplementary Material).
We used blurred arrows to describe the results of the MCMC
showing both means and posterior parameter variation associated
with the transition rates (Fig. 3). The arrows represent the proba-
bility that a foot will leave a state S in a given direction during a
1-week time interval; thicker and longer arrows indicate a higher
probability. The colour of the arrow represents the direction as in
Fig. 2 (i.e., increasing or decreasing LOAD or SCORE). We  note that
there are some predominant motions to the most likely transitions
(larger arrows), such as a change from low LOAD to a higher LOAD
followed by a move to a higher SCORE, although this is subject to
considerable stochastic uncertainty.
5. Eigenvectors and sensitivity analysis
We wish to assess this modelling approach by using the avail-
able data in an alternative form. The eigenvector associated with
the dominant eigenvalue of Z (which will be zero), gives the long-
term probability distribution of the combined state for a randomlyng of ovine footrot in the UK: the effect of Dichelobacter nodosus
2017), http://dx.doi.org/10.1016/j.epidem.2017.04.001
chosen foot. We  therefore compare the dominant eigenvectors
from the posterior set of Z (i.e., with parameters sampled from
the MCMC  chain), with the observed frequency of combined states
(Fig. 4).
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Fig. 3. Diagram of the Markov model at foot level showing the probabilities of mov-
ing  from each state. The diagram shows the results of the MCMC  scheme run. Blurred
coloured (representing the direction) arrows (different thickness and length) are
used to represent the probability that a foot will move from a state to another in a
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iiven direction during one week time interval. Circles: the area is a representation
f  the number of data points in each state. (For interpretation of the references to
olour in this ﬁgure legend, the reader is referred to the web version of this article.)
Despite the fact that the parameters are ﬁt only to the observed
ransitions, the eigenvector (and hence the long-term distribution)
hows close agreement with the frequency of each observed state.
ealthy feet (LOAD 0, SCORE 0) dominate in both observation (122Please cite this article in press as: Atia, J., et al., Mathematical modeli
and Fusobacterium necrophorum on the disease dynamics. Epidemics (
ealthy feet) and long-term prediction (mean 102, 95% prediction
nterval = 73–133); in addition SCORE 0 and LOAD 2 is also com-
on in both predictions (mean 62, 95% prediction interval = 40–85)
nd data (56 feet), while SCORE 2 and LOAD 0 or 1 are vanishingly
ig. 4. Probability distributions of the eigenvectors. The probability distribution of eigenv
f  the MCMC  gives rise to an eigenvalue and we use the entire chain to generate these 
cross all feet. The results shown in grey correspond to the ﬁnding of the initial 18 sheep;
nterpretation of the references to colour in this ﬁgure legend, the reader is referred to th PRESS
xx (2017) xxx–xxx
rare (Fig. 4 grey). This agreement between observations and long-
term dynamics provides an independent validation of the model
ﬁt, beyond the likelihood used to generate the model ﬁtting.
To test the sensitivity of these results to each of the parame-
ters, we  also compute the change of dominant eigenvectors with a
change to each of the 34 transition parameters. This is achieved by
ﬁrst setting all of the parameter values to their median; we then
compute the eigenvector from the corresponding probability tran-
sition matrix (Z). We  next increase the values of each parameter by
10% from the median and recalculate the dominant eigenvector. We
quantify the rate of change of the eigenvectors against each param-
eter using the root mean square change (RMS) of the eigenvectors
(rounded to the nearest thousandth) (Table 2). We  note that the
parameters that have the highest impact on the eigenvectors are the
same parameters that are better determined by our MCMC  scheme
(parameters in bold in Table 2); the model has greater sensitivity
to those parameters.
6. Analysis of predicting individual feet and model
validation
To test the predictive ability of the model, we  infer the LOAD
for the 18 sheep simply using their score data (Witcomb et al.,
2014). This has a clear practical applications for future data collec-
tion because score is easier and cheaper to measure than bacterial
load. In particular we use the recorded SCOREs across the ﬁve weeks
to infer the LOADs most likely to have generated the observed tran-
sitions; for instance a change from low to high SCORE is unlikely
without high LOAD. Given the estimated parameters (and hence the
transition matrix), we can compute the likelihood of every possi-ng of ovine footrot in the UK: the effect of Dichelobacter nodosus
2017), http://dx.doi.org/10.1016/j.epidem.2017.04.001
ble combination of ﬁve LOAD values to augment the SCORE values.
Fig. 5a and b shows a scatter and a box plot of the real and inferred
LOAD of the 18 sheep versus the log of the measured bacterial count
(in number of bacteria/swab). Any load recorded as ‘below the limit
ectors showing the long-term proportion of time spent in each state; each sample
posterior distributions. The vertical lines correspond to the observed distribution
 the results in blue are for the 18 sheep with the additional qPCR 200 samples. (For
e web version of this article.)
ARTICLE IN PRESSG ModelEPIDEM-261; No. of Pages 8
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Fig. 5. Predictive ability of the model. (a) Box plot and scatter plot for the true LOAD vs the log of the bacterial count for the 18 sheep, (b) box plot and scatter plot for the
inferred  LOAD vs the log of the bacterial count for the 18 sheep, (c) box plot and scatter plot showing the predictive ability of the model in time for the 18 sheep, (d) box plot
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ond  scatter plot showing the predictive ability of the model in time for the new swa
f detection’ was replaced by 200 bacteria per swab, this is justiﬁed
s the minimum number of bacteria detected is around 103 bacteria
er swab. We  note that our inferred LOAD generates a high variabil-
ty in the log of the bacterial count. This suggests a high stochasticity
n the model.
To provide further understanding of this inference, we  exam-
ne the probability of predicting the correct original LOAD in each
eek (Fig. 5c and d). Using the probability of every possible com-
ination of ﬁve LOAD values corresponding to the recorded SCORE
alues, we compute the total probability of obtaining the observed
OAD values in each week. We  note from the Fig. 5 c that there is
n improvement in the predictive ability (an increase in the prob-
bility of being correct) with time; the maximum probability is
eported in week 5.
To further conﬁrm the reliability of the MCMC  model, we ana-
yse additional samples from the original study (Kaler, 2011) using
-PCR (Section 2.1). A problem that we encountered was  the age
f the samples and the cycles of freezing and thawing over time
hich may  have led to loss of detectable DNA and therefore a
ower estimate of bacterial load. Four samples were repeat anal-
ses from the 18 sheep for comparison. We  note a 100 fold factorPlease cite this article in press as: Atia, J., et al., Mathematical modeli
and Fusobacterium necrophorum on the disease dynamics. Epidemics (
ifference between the original 18 sheep and the repeated samples.
e analyse the new samples (with 100 fold modiﬁcation factor) in
 similar way to the original 18 sheep, by looking at the probability
f predicting the correct LOAD in each week (Fig. 5d). There is ath 100-fold modiﬁcation factor.
similarity between the prediction ability of the model for the two
data sets as shown in Fig. 5. Finally, we re-run the MCMC scheme
with both qPCR sets included, then used the eigenvector method to
check if there is any improvement in the predictions. Healthy feet
(LOAD 0, SCORE 0) again dominate in both observation (122 healthy
feet) and long-term prediction (mean 102, 95% prediction inter-
val = 73–133); in addition SCORE 0 and LOAD 2 are also common
in both predictions (mean 62, 95% prediction interval = 40–85) and
data (56 feet), while SCORE 2 and LOAD 0 or 1 are vanishingly rare
(Fig. 4 blue). An increase in the probability of being correct through
weeks also holds for the new set of data (Fig. 5d). Consequently, we
use the new set of data, with a factor of 100-fold, in conjunction
with the data from the 18 sheep to re-run the MCMC  Metropo-
lis Hasting to re-estimate the parameters. An improvement in the
convergence of many parameters is detected. We  also note a reﬁne-
ment in the long-term behaviour in comparison with the density
of the observed data.
7. The effect of F. necrophorum LOAD on SCORE
The MCMC  scheme for estimating the parameters associatedng of ovine footrot in the UK: the effect of Dichelobacter nodosus
2017), http://dx.doi.org/10.1016/j.epidem.2017.04.001
with the F. necrophorum can be readily performed in a similar
method as that used for D. nodosus. We  use the same coding sys-
tem for the LOAD and SCORE; and in a similar manner we remove
the individual 5 weeks data of 3 healthy feet that were observed to
ARTICLE IN PRESSG ModelEPIDEM-261; No. of Pages 8
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Table  1
Combined score in terms of SCORE and LOAD.
Comb SCORE LOAD
0 0 0
1  1 0
2  2 0
3  3 0
4  0 1
5  1 1
6  2 1
7  3 1
8  0 2
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Table 2
RMS  of the change of the eigenvectors to small changes in each of the parameters.
Parameter ID Parameter RMS  of change Transitions St
f
→ St+1
f
a
1 U00 0.021 (0,0) → (0,1)
2  U01 0.007 (1,0) → (1,1)
3  U02 0.002 (2,0) → (2,1)
4  U03 0.003 (2,0) → (2,1)
5  U10 0.016 (0,1) → (0,2)
6  U11 0.007 (1,1) → (1,2)
7  U12 0.002 (2,1) → (2,2)
8  U13 0.003 (3,1) → (3,2)
9  D10 0.02 (0,1) → (0,0)
10 D11 0.01 (1,1) → (1,0)
11 D12 0.001 (2,1) → (2,0)
12 D13 0.004 (3,1) → (3,0)
13 D20 0.016 (0,2) → (0,1)
14 D21 0.007 (1,2) → (1,1)
15 D22 0.002 (2,2) → (2,1)
16 D23 0.003 (3,2) → (3,1)
17 L01 0.01 (1,0) → (0,0)
18 L02 0.005 (2,0) → (1,0)
19 L03 0.004 (3,0) → (2,0)
20 L11 0.005 (1,1) → (0,1)
21 L12 0.002 (2,1) → (1,1)
22 L13 0.001 (3,1) → (2,1)
23 L21 0.01 (1,2) → (0,2)
24 L22 0.006 (2,2) → (1,2)
25 L23 0.003 (3,2) → (2,2)
26 R00 0.01 (0,0) → (2,0)
27 R01 0.005 (1,0) → (2,0)
28 R02 0.004 (2,0) → (3,0)
29 R10 0.006 (0,1) → (1,1)
30 R11 0.002 (1,1) → (2,1)
31 R12 0.002 (2,1) → (3,1)
32 R20 0.01 (0,2) → (1,2)
33 R21 0.007 (1,2) → (2,2)9  1 2
10  2 2
11  3 2
uctuate. We  validate the modelling approach by using the eigen-
ector analysis as described in Section 5. Comparing the dominant
igenvectors distribution from the posterior set of the parameters
ampled from the MCMC  chain with the observed frequency of the
ombined states, we note that there is no agreement between the
wo in the healthy states but there was a consistency among them
n the more diseased states (Fig. S5 in supplementary material). We
ote 154 observed healthy feet (LOAD 0, SCORE 0) and a mean of
38 long-term prediction (95% prediction interval = 132–175), 116
eet with SCORE 0 and LOAD 1 and a prediction mean of 96 (95%
rediction interval = 78–114), while for SCORE 3 and LOAD 1, the
umber of feet is 10 and the prediction mean is 9 (95% prediction
nterval = 3–14) (Fig. S5).
. Bacterial load inference from disease severity score
As extension to our initial model, we wish to utilise the data
rom the 42 sheep in the study that did not have a bacterial load
ssessed by qPCR (Kaler, 2011). Again, we use the recorded SCOREs
cross the 5 weeks to infer the most likely LOAD to have generated
he observed transitions (method shown in Section 6). Sampling
andomly according to this likelihood allows us to inﬂate our data
et from the original 18 sheep to the full 60 sheep. This overcomes
he sampling biases in the original selection of the 18 sheep. The
CMC  scheme is rerun with the 60 sheep giving a total of 1200
ecordings of 240 feet from 60 sheep. We  iterate this process in
rder to obtain consistent parameter estimates. The results from
his larger inferred data set are shown in Fig. S4 (blue) (Supplemen-
ary Material); again we ﬁnd that there is a very strong agreement
etween the dominant eigenvector (and hence the expected long-
erm behaviour) and the observations. However, by including all
0 sheep that were part of the study, we have overcome the initial
iases that came from selecting 18 sheep with particular character-
stics. We  ﬁnd that by considering all 60 sheep, the rate of transition
rom Comb score 1 to 0, 2 to 6, 6 to 7 and 7 to 11 are substantially
ncreased and from Comb score 5 to 1, 6 to 2, 6 to 10, 9 to 10, 10 to
1, and 11 to 10 are decreased and correspondingly the expected
roportion in states of Comb score 6, 9, and 11 relatively increases
Table 1 shows the combined score in terms of SCORE and LOAD).
. Discussion
In this work we have explored the relationships between footrot
isease severity score and D. nodosus bacterial load in a study popu-
ation of sheep. We  have shown that the behaviour of individual feet
an be represented by a relatively simple (but high-dimensional)
arkov state moment, where the parameters can be inferredPlease cite this article in press as: Atia, J., et al., Mathematical modeli
and Fusobacterium necrophorum on the disease dynamics. Epidemics (
ith substantial computational efﬁciency. Despite the pronounced
tochasticity at the individual-level, such that we cannot accurately
redict the status of any given foot at the next sample, at population
evel our model captures the observed behaviour. This suggests that34 R22 0.005 (2,2) → (3,2)
a f-individual foot at time t with state S with (s, l), s-SCORE, l-LOAD.
this type of Markov model could be highly effective at predicting
the likely impact of interventions at the ﬂock-level.
We have developed a full state-based mathematic model, that is
matched to data on foot health and bacterial load through Bayesian
parameter inference (Fig. 2). The continuous-time model, where all
the transitions are between adjacent states, comprises 12 states;
each state describes the state of a foot at one point in time in
terms of SCORE and LOAD. The 34 parameters are the transition
rates between the adjacent states. Our model makes the simpli-
fying assumption that each foot acts independently and therefore
ignores the positive effects of local environment and the negative
effects of the host immune response. We  expect the impact of such
terms to be relative minor (second order) to the foot-level dynam-
ics, as they should only come into play once two feet are diseased,
which occurs with a relatively low probability (13% of all 18 sheep
in the 5 weeks), even under the assumption of independence.
There are a number of obstacles to the use of the MCMC  for our
data set, speciﬁcally convergence problems for some parameters.
Many parameter chains are not mixing well (convergence test per-
formed by looking at the MCMC  chains); this may  be due to the large
parameter space and the small data set we use and high correlation
between the parameters of interest. However our scheme seems
to work well in practice. We  compute the eigenvector associated
with the probability transition matrix associated with the domi-
nant eigenvalue by sampling from the parameters MCMC  chain.
This gives the long-term probability distribution of the 12 states for
a randomly chosen foot. The distribution of the eigenvectors, which
gives the predicted equilibrium level of SCORE and LOAD, is in ang of ovine footrot in the UK: the effect of Dichelobacter nodosus
2017), http://dx.doi.org/10.1016/j.epidem.2017.04.001
broad agreement with the observed data (Fig. 4) despite the model
being dependent only on the observed transitions; the frequency
of the observed data in each state has not been used in the mod-
elling process. This provides a validation of the model and shows
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hat the model is capturing the population dynamics. In addition,
he RMS  of change of eigenvectors due to small changes in each
f the parameter values indicates that the model is more sensi-
ive to the parameters that are better determined with the scheme
Table 2). We  show that although some parameters are unidenti-
able by the model, the latter is insensitive to those parameters
nd that they are not relevant to the dynamics of the disease. For
nstance, a state of high SCORE (1 or 2) and low LOAD is rare, which
mplies that the transitions from and to this state are not relevant.
t is thus not viable to learn about those parameters even from a
omplex analysis of the data.
In order to check if the LOAD provides information about the
rocess, we ran the MCMC  using only one variable, the SCORE. The
esulting state model comprises just 4 states of the foot (SCORE
f 0, 1, 2, and 3) and 6 transition rates between adjacent states.
e compute the eigenvector distribution of the associated 4×4
ransition matrix. In this case, the long-term behaviour was  not
n agreement with the observed frequency (See ﬁgure S6 in Sup-
lementary Material), which suggests that LOAD is affecting the
rocess. This is in agreement with the studies which examined D.
odosus and demonstrated that the organism is important in the
evelopment and presence of ID and progression of SFR (Beveridge,
941; Kennan et al., 2001, 2010; Witcomb et al., 2014; Clifton and
reen, 2016).
For F. necrophorum, we note that the long-term behaviour is not
n agreement with the observed frequency in the healthy states,
ut consistent with the observed frequencies in the more diseased
tates (see Fig. S5 in Supplementary Material). This result is consis-
ent with the previous studies where an increase in F. necrophorum
oad is only observed once SFR had developed (Witcomb et al.,
014). This suggests that F. necrophorum enhances disease severity
ather than having a role of a precursor.
Using the recorded SCOREs across the ﬁve weeks, we  attempt to
nfer the most likely LOAD to have generated the observed transi-
ions (method explained in Section 6). To visualise the results of the
nference, we plotted the inferred LOAD versus the observed log10
f the bacterial load (Fig. 5). The results suggest a high stochasticity
n our model; a high variability was observed for each of the LOAD
ets. This result is reasonable because the disease is affected by
any random external events such as temperature, rain fall (Green
nd George, 2008; Smith et al., 2014), and pasture (Kaler et al.,
010), and soil type (Muzafar et al., 2015), all of which inﬂuence
he probability of a foot being damaged and so becoming suscepti-
le to infection. The data available were for only 5 weeks, which is
 short period of time given the time to development of SFR is >1
eek and frequently >2 weeks (Kaler, 2011). Additionally, this is a
elatively short sample, so seasonal variation in temperature and
ainfall is not likely to play a role. For longer-term studies we would
xpect some of the transition rates to depend on climate variables.
lso, during this ﬁve-week study, there is insufﬁcient change in the
acterial load over time to be able to see its impact on the foot state.
t is thus difﬁcult to infer at individual foot level with reasonable
onﬁdence (with the current model and the current data set).
We further assess the predictive ability of the model by looking
t the probability of inferring the original LOAD correctly in each
eek. We  use a box plot to look at the probability of being correct
n each week. We  notice an increase in the probability, with the
aximum reported in week 5 (Fig. 5c and d). This demonstrates
hat there is a relationship between LOAD and SCORE, but that it
s subject to substantial amounts of stochasticity such that only
ith multiple observations of the score can the load be predicted,
nd even then with only moderate levels of accuracy. This doesPlease cite this article in press as: Atia, J., et al., Mathematical modeli
and Fusobacterium necrophorum on the disease dynamics. Epidemics (
ot contrast with previous statistical ﬁndings (such as the statis-
ical correlations between load and footrot at the population level
eported previously Witcomb et al., 2014), instead it highlights the
xtreme variability at the level of individual feet. PRESS
xx (2017) xxx–xxx 7
10. Conclusion
The observed dynamics of footrot infection on the ovine foot
is inherently complex and stochastic, although previous statistical
analysis have detected correlations in the behaviour (Beveridge,
1941; Kennan et al., 2001, 2010; Moore et al., 2005; Bennet et al.,
2009; Witcomb et al., 2014, 2015). Here we  have developed a rel-
atively simple predictive model, which uses both bacterial load
and disease severity to generate probabilistic forecasts one week
ahead. This model is Markovian, such that only the status of the
foot (in terms of load and disease severity) for the current week
is needed to probabilistically predict future dynamics. Given that
the observations occur over a short time period when the climate
and total bacterial load remain relatively invariant, we have been
justiﬁed in assuming that all transition rates in the model are time
homogeneous. Using D. nodosus bacterial load and footrot disease
severity score, the Markovian model is a reliable ﬁt to the data,
as evidenced by a relatively high likelihood and close agreement
between the aggregate data and the predicted long-term steady-
state of the model. In contrast, if F. necrophorum bacterial load is
used instead, we are unable to accurately capture the full dynam-
ics. These mathematical results give support to our belief that while
the dynamics of individual feet are highly stochastic, there is a
strong underlying pattern that emerges at the ﬂock-level. This pat-
tern is driven by the interaction between D. nodosus load and the
health of the foot (as indexed by the footrot disease severity score),
with F. necrophorum only playing a potential role in highly diseased
feet. The model developed here opens the possibility of long-term
prediction of footrot dynamics at the ﬂock-level and hence the abil-
ity to investigate the impact of random or targeted interventions,
although additional factors, such as the impact of climate, will need
to be incorporated.
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